We study the negative modes of gravitational instantons representing vacuum decay in asymptotically flat space-time. We consider two different vacuum decay scenarios: the Coleman-de Luccia O(4)-symmetric bubble, and O(3) × R instantons with a static black hole. In spite of the similarities between the models, we find qualitatively different behaviours. In the O(4)-symmetric case, the number of negative modes is known to be either one or infinite, depending on the sign of the kinetic term in the quadratic action. In contrast, solving the mode equation numerically for the static black hole instanton, we find only one negative mode with the kinetic term always positive outside the event horizon. The absence of additional negative modes supports the interpretation of these solutions as giving the tunnelling rate for false vacuum decay seeded by microscopic black holes.
mode of field perturbations, which corresponds physically to scaling the size of the bubble up or down. In the analysis of the vacuum decay process, the square root of this negative mode provides an imaginary part to the energy of the false vacuum state, which in turn corresponds to a decay rate. The analysis would fail if, for example, we have two negative modes in which case the net contribution to the energy becomes real. Fortunately, it is known that the basic picture with a single bubble has just the single negative mode [3] .
Coleman and de Luccia [4] were the first people to extend the basic formalism of vacuum decay to include the effects of gravitational back-reaction in the bubble solutions, producing a type of gravitational instanton. The negative modes of the Coleman-de Luccia instanton that represents vacuum decay in de Sitter space have been studied by several authors [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , and there is now compelling evidence that the bounce solutions can have either one or infinitely many negative modes, depending on the potential. The existence of many negative modes seems to be associated with situations where the bounce solution is comparable in size to the cosmological horizon [14] .
The past few years have seen a resurgence of interest in applications of vacuum decay to the standard model Higgs field [16] [17] [18] [19] [20] [21] [22] . Depending on the values of the Higgs and top quark masses, the quantum corrected Higgs potential can decrease at large field values and destabilise the present day 246 GeV minimum. The scale at which an instability sets in, Λ, is very sensitive to particle physics parameters and possible new physics, with typical ranges 10 10 − 10 18 GeV leading to a metastable false vacuum [23] [24] [25] . Vacuum decay rates are strongly exponentially suppressed, but recently the possibility of black holes seeding vacuum decay has been considered [26] [27] [28] [29] [30] [31] [32] [33] and the decay in this case is very rapid. Its implications for early cosmology have been investigated in [34] . In parallel, it was shown in [35] that Hawking radiation can be described by a family of instantons.
The negative mode problem has so far only been investigated numerically for vacuum decay in asymptotically de Sitter spacetimes. In this paper we give the first analysis of negative modes for the asymptotically flat bounces that are relevant for decay of the Higgs vacuum.
We look at two different Higgs vacuum decay scenarios, vacuum decay in empty space and vacuum decay seeded by black holes. Vacuum decay rates with gravitational back-reaction in empty space have been examined by [20, [36] [37] [38] . The gravitational back reaction is significant when Λ approaches the Planck scale, as might be expected. Non-minimal coupling of the Higgs field to gravity can have a significant effect on the decay process, and so we include this possibility on our negative mode analysis.
For decay in empty space, we find numerically that there is either a single negative mode, or infinitely many as in the de Sitter case. The emergence of the infinite tower of negative modes is related to a change in sign for the kinetic terms in the action of the perturbations.
This is also seen in the asymptotically de Sitter case. We have used an approach where the gravitational constraints are used to eliminate extraneous gauge degrees of freedom. Our approach is therefore free of gauge artefacts, and gives similar equations to those in Ref [14] , where a gauge invariant parameterisation was used.
The second scenario we have investigated is the case where vacuum decay is enhanced by the presence of a microscopic black hole left over from the early universe. The black hole acts as a nucleation seed and greatly enhances the vacuum decay rate. This effect was investigated initially for vacuum decay in de Sitter space [26] , and later for more general scenarios including asymptotically flat space [27] [28] [29] . In all cases, the dominant decay process is one with static O(3) symmetric bubbles. We shall give the results of a numerical analysis of the negative modes for vacuum decay with an asymptotically flat black hole nucleation seed. In this case we find only one negative mode, and the kinetic term in the action of the perturbations is always positive. We conclude from this that vacuum decay seeded by black holes most likely always has a consistent formulation in terms of bounce solutions.
II. TUNNELLING AND NEGATIVE MODES
We consider decay of the false vacuum state of a scalar field φ with potential V (φ).
Tunnelling from the false vacuum is represented in the path integral formalism by bounce solutions φ b to the scalar field equations, with imaginary time coordinate τ [1] . Boundary conditions are φ b → φ fv when τ → ±∞ and at spatial infinity |x| → ∞, where φ fv is the value of the field at the false vacuum. The tunnelling exponent for a bounce solution is related to the change in Euclidean action by
where
Given reasonable conditions on the potential, it has been shown [39] that there is a bubble solution with O(4) symmetry that has the smallest action, and hence the largest tunnelling rate, compared to other bounce solutions. Furthermore, this solution has exactly one negative mode [2] , and is therefore a saddle point of the Euclidean action.
Evaluating the path integral for a single bubble solution gives a contribution to the vacuum decay amplitude of the form
where S E denotes the second functional derivative of the Euclidean action, and det denotes omission of zero modes from the determinant. The zero modes give factors Ω and T for the total volume and time period, along with a Jacobian factor B 2 /4π 2 . The factor i arises from the negative mode. This would become i n if there were n negative modes. The vacuum decay rate Γ can be calculated by summing multiple bubble amplitudes, and the result is [2, 39] 
The negative mode can be explained easily in the thin-wall limit, when the bubble solution consists of a true vacuum region φ tv surrounded by a relatively narrow wall where the field transitions to the false vacuum. This approximation is valid when the difference in energy ε of the true and false vacua is small compared to a combination of barrier height and width.
The field is represented by a bubble Ansatz of the form φ = φ(r; R) φ 0 (r − R), where
Provided the bubble is large compared to the wall thickness this is an excellent approximation, and allows us to integrate the tunnelling exponent in terms of the bubble radius R,
Here, σ is the action per unit area of the bubble wall, which can be found in terms of an integral of the potential V (φ) by (4) . The bubble solution is given by the extremum at the radius R b = R 0 ≡ 3σ/ε, where B has a maximum.
The negative mode corresponds to changes in φ that increase or decrease the radius of the bubble solution,
The overall change in B is related to the negative eigenvalue λ 0 by,
where the norm of a function f (x) is defined by
We therefore have a simple formula for the negative mode in the thin-wall approximation,
This can be taken further using our approximation for the bubble wall profile, since dφ 0 /dR = −φ 0 , hence ||dφ/dR|| 2 = ||φ || 2 ≈ 2π 2 σR 3 , and we have
The approximation is valid when the thickness of the wall is small compared to the bubble radius, which translates to ε 9σ 2 /φ 2 tv . Now we turn to bubble solutions with gravitational back-reaction. These can be found by extremising the Einstein-scalar action,
where R is the Ricci scalar. Bubble solutions with O(4) symmetry can be described by a 'radial' solution of scalar field, φ(r), and geometry:
where φ and a tend towards the true vacuum form as r, a(r) → 0, and the false vacuum form for large r. We take a leap of faith in assuming that the vacuum decay exponent for a single bubble is still given by the difference in Euclidean action between the bubble solution and the false vacuum. There are two distinct scenarios, depending on whether the Euclidean metric is compact or infinite. In the compact case, the scalar field never quite reaches the 
where a tv (r b ) = a fv (r b ) = R, and compute the difference in action between the bubble and false vacuum configurations for this Ansatz. The Ansatz also allows us to estimate the negative eigenvalue as before, but with the norm calculated using an appropriate curved space measure.
Considering first the compact case, we take the false vacuum to have positive energy ε, and the true vacuum to have zero energy. This represents the decay of the false vacuum from a de Sitter universe into flat space, thus a tv = r and a fv = sin((r − r 0 )/ ) in (14) , where = 3/(8πGε) is the de Sitter radius and r 0 is a introduced to satisfy a tv (r b ) = a fv (r b ) = R.
The tunnelling exponent can be directly calculated as (see also [4] )
and is plotted in figure 1 . The upper sign applies when the false vacuum region is larger than a hemisphere, and the lower sign applies when the false vacuum covers less than a hemisphere.
In the first case, the true vacuum bubble encloses a smaller volume than the false vacuum region, and in the second case the true and false vacuum regions have a similar volume.
Following Ref. [14] , we refer to these as the small bubble and large bubble situations.
The exponent (15) has one extremum R b away from the origin,
where R 0 = 3σ/ε is the bubble radius without the gravitational back reaction. Bubble solutions always exist, but the extremum becomes a minimum when 3σ/ε > 2 . The thinwall approximation therefore predicts the disappearance of the negative mode, and we can estimate the value of the mode in a similar way to the probe case. Since the bubble wall is determined by r = R, and the geometry inside the bubble is flat, we find that the eigenvalue is well approximated here by the flat space value (10) . Numerical investigations have shown that new sets of spherically symmetric negative modes start to appear [5, 6, 9, 14, 15] . The first set are fluctuations localised near the bubble wall, called 'wall modes' in Ref [14] . The second set are localised near the maximum radius of the instanton in the 'large bubble' case.
In the non-compact case, the true vacuum has negative energy −ε and the false vacuum has zero energy. This represents vacuum decay from flat space to anti de Sitter space, and
we have a tv = sinh r/ , a fv = r + (R − r b ) in (14) . This time one finds
plotted in the right panel of figure 1 . The upper sign corresponds to 3σ/ε < 2 , and the bubble matches an interior of AdS to an exterior of an S 3 in R 4 , i.e. a conventional bubble.
For 3σ/ε > 2 we can still find a solution, provided we match the interior of an AdS sphere to an interior of a three-sphere in R 4 : clearly this does not have an intuitive interpretation as a vacuum decay bubble, and is similar to the situation of dS tunneling above, where the false vacuum covers less than a hemisphere of dS. We note simply that these solutions do not have a negative mode, hence are not tunneling instantons, and do not consider them further. For 3σ/ε < 2 the bubble has radius [4]
Whenever a bubble solution exists the extremum is always a maximum and the negative mode we had originally should remain. This time, in our estimate of the negative eigenvalue,
We can substitute this into the general formula (10), with the exponent B(R) from (17), and evaluate the result at the bubble radius R b from (18) , to get
where R 0 = 3σ/ε as before. This formula will be used to check the results of the numerical study of the negative modes presented in the following section.
III. VACUUM DECAY THROUGH O(4)-SYMMETRIC BUBBLES

A. Model and field equations
In order to consider a wide variety of models of interest to Higgs cosmology, we generalise the gravitational action (12) to include non-minimal coupling between the scalar field and gravity,
where ξ is a non-minimal coupling coefficient and hats denote the choice of metric commonly referred to as the Jordan frame. We consider potentials such that V (0) = V (0) = 0, V (0) > 0, and assume V takes negative values in some interval of φ so that the bubble solutions will be non-compact. To find numerical solutions and study their perturbations, it is convenient to go to the Einstein frame by rescaling the metric:
(for an analysis of solutions in the Jordan frame see [20, 38] ). The action becomes
and the modified potential is
In all the cases we will consider, f (φ) remains strictly positive. We look for O(4)-symmetric solutions, and change slightly the form of our metric to add a lapse function:
The lapse function N allows us to recover the full set of Einstein equations from extremization of the action, which will be convenient when deriving the eigenvalue equation. Substituting in the form of the metric (26), and integrating out over the angular variables, we obtain
Variation with respect to φ and N give the system of equations:
Variation with respect to a gives a Bianchi Identity 1 . The system (28, 29) can also be obtained from the full set of Einstein equations after eliminating redundancies, showing that there is no independent constraint. For boundary conditions, we look for asymptotically flat instantons, with φ(∞) = φ F V and a(ρ) ∼ ρ as ρ → ∞. We choose to place the centre of the instanton at ρ = 0, where a(0) = 0 and for regularity at the origin we must have φ (0) = 0. Equation (29) can be rewritten as:
This shows that the left-hand side, which will play an important role in the following, is always non-negative, and cannot vanish if a is strictly monotonic.
The lapse function N (ρ) represents some of the freedom we have to choose the coordinate gauge. We will focus on instantons where a is a strictly increasing function of the distance to the center of the bubble, which allows us to choose a as radial coordinate. Setting ρ = a, the action (27) becomes
Variation with respect to N and φ gives back the system (28, 29) , showing that no physical degree of freedom has been lost.
Since the derivative of N does not appear in Eq. (31), one can express N as a function of φ and φ :
This quantity is always real. The expression in the denominator is a recurring and important combination for the eigenvalue problem, hence we write
Plugging Eq. (32) into Eq. (31), we obtain an unconstrained action for the scalar field φ,
Extremization of this action gives back Eq. (28) with the explicit form of N given by Eq. (29).
This expression for the action can be conveniently used to derive the eigenvalue equation.
To this end, let us assume we have an exact solution φ = φ b . We look for a perturbed solution of the form
To quadratic order in ϕ, the action reads S =
, where S (0) is the action of the background instanton and
da. (35) where
The simplest way to derive (35) is to regard φ as a coordinate on a one dimensional manifold with metric
The action can be evaluated in a coordinate frame with f = 1, and then the general expression is recovered by replacing derivatives with respect to φ by the covariant derivative D.
The corresponding eigenvalue equation obtained from the perturbed action is
where λ is the eigenvalue.
By definition, N b is always positive. However, Q b will be negative wherever values above the Planck mass. In many models, φ b is limited to be less than 1 in Planck units, so that the semiclassical analysis should not break down. These negative modes may thus be physically meaningful only if |af (φ b )φ b | |φ b |, i.e., either when the width of the bubble is much smaller than its radius or when f is large. The latter case can occur when ξ is large and negative. In the following section we will see examples that realise both of these possibilities.
B. Numerical results
We turn now to the numerical solution of the system (28,29) and eigenvalue equation (37) with two different shapes for the potential V . The first case is a quartic potential
which has been parameterised by φ m and φ t , the field values at the maximum and the non-zero minimum respectively. The parameter λ q sets the overall scale. The origin φ = 0 is a false vacuum, and φ t is the true vacuum when φ t > 2φ m . One example is shown in the left panel of Fig. 2 . The numerical results do not rely on the thin-wall approximation, but the latter provides a useful the check on the results. The thin wall approximation is valid when
An important derived parameter is the AdS radius of the true vacuum . For minimal coupling (ξ = 0),
For example, we expect gravitational back-reaction to be important when the bubble radius is comparable to the AdS radius. In the thin-wall approximation, the 'flat-space' bubble radius R 0 = 3σ/ and the ratio
Note that this is independent of the overall scale parameter λ q . It is possible to scan through different values of R 0 / by fixing φ m /φ t and scanning through different values of φ t
While the quartic potential is convenient for illustrative purposes, obtaining results which may be applicable to the Standard Model requires a more realistic one. We thus also used a
Higgs-like potential of the form
In this expression, Λ > 0 is the scale at which the coupling and the potential vanish, and q is a strictly positive number. Like the quartic potential V q (φ), this potential has a local minimum at φ = 0. Plots of the function λ H for three different choices of (q, Λ) are shown in the right panel of Fig. 2 . They approximate the next-to-next-to-leading order calculations reported in [23] with different values of the top quark mass.
The height of the Higgs potential barrier is small compared to Λ 4 , making the bubble solutions shallow, with thick walls, and Higgs values inside the bubble extending beyond the barrier but do not reaching a true vacuum. The potential inside the bubble is roughly of order Λ 4 and the bubble size is of order Λ −1 , so that the 'effective' value of R 0 / in this case is around Λ/M p .
We first work with the quadratic potential and ξ = 0, i.e., with a minimal coupling between the scalar field φ and gravity. In Fig. 3 we show the negative eigenvalues with fixed ratio φ t /φ m = 2.5, λ q = 128, and φ t ranging from 0.25M p to M p . Below a critical value φ c , here close to 0.67M p , there is only one negative mode. The dashed line shows the negative mode obtained for the thin-wall approximation using (20) , which agrees quite well with the numerical result despite the walls not being particularly thin. The quantity Q defined in (33) is positive for the bubble solutions with φ t < φ c , but for φ t > φ c , Q takes negative values in a finite interval of a. Correspondingly, we find new negative eigenvalues, all but one going to −∞ in the limit φ t → φ c , in agreement with our approximate analysis in Eq. (44) . The numerical evidence therefore supports the existence of infinitely many negative eigenvalues for φ t > φ c .
Results with nonminimal coupling are shown in Fig. 4 . Here the parameters of the We found a similar behavior for smaller values of this parameter. In Fig. 5 are shown the first six negative modes for fixed potential and a minimal coupling ξ slightly smaller than ξ c , in the region where Q < 0. The main information is that, as expected, negative modes are oscillatory in this region, and that the n th one has approximately n/2 wavelengths for sufficiently large n.
Figures 6 and 7 shows the Euclidean action and negative eigenvalues of instantons as
functions of Λ and ξ respectively, for q = 10 −7 . As can be seen on the left panels and more generally in Figure 8 , the Euclidean action of instantons supporting infinitely many negative modes is huge, making the transition rate negligible. We found the same holds for all parameters we tried. It thus seems that, for realistic potentials, the appearance of an infinite number of negative eigenvalues requires such a strong back-reaction from gravity on the instanton that the probability of bubble nucleation becomes negligibly small. Conversely, all instantons we found which gave non-negligible decay rates have only one negative eigenvalue.
C. Analytical estimates
We now mention two analytical results which help understand the numerical observations reported above. We first give an estimate of the large negative eigenvalues. For large values of −λ, one can neglect the other terms in the right-hand side of Eq. (37). Moreover, since 
Let us call a − and a + , the boundaries of the interval in which Q is negative, ordered as a − < a + . Then, ϕ is exponentially increasing or decreasing for a > a + , and oscillating for a − < a < a + . The global solution will be decreasing at infinity provided the oscillating solution for a just below a + can be matched with the decaying one for a > a + , with one or the opposite sign. This occurs twice each time we add one wavelength in the interval [a − , a + ].
One thus expects that, for large values of n, the n th negative eigenvalue λ n satisfies
i.e.,
Notice that, since the n th negative mode oscillates with a wave vector proportional to √ −λ n in the region where B (0) is negative, it must have an amplitude proportional to (−λ) −1/4 to be normalized for the Klein-Gordon inner product. From the above estimate,
One can thus expect that the sum of the contributions from negative modes to quadratic observables are formally divergent, which may point to an instability of the background solution or, as conjectured in [5] , to a breakdown of the semiclassical approximation. However, a more detailed analysis, would be required to ascertain this 3 .
Next, we estimate the critical value ξ c below which an infinite number of negative modes are present. We assume that −ξ 1 and that −ξ φ 1/ √ G in the relevant domain of a (typically inside the bubble and including a significant fraction of the wall). In this limit, we can integrate to find the canonical fieldφ, defined bỹ
The modified potential (25) thus becomes
Let us assume that V has a zero at a value Λ > 0 of φ. We callΛ the corresponding value of φ. If the potential has no other typical scale, the maximum value reached by aφ should be of orderΛ. Denoting by α the ratio aφ /Λ, we have
Using Eq. (45), this may be rewritten as
This quantity is negative provided ξ < ξ c , where
We thus expect −8π GΛ 2 ξ c to be of order 1 for sufficiently small values of Λ 2 G, in accordance with results shown in the left panel of Figure 8 .
Now we turn to vacuum decay seeded by a microscopic black hole. The initial state consists of a region of false vacuum containing a Schwarzschild black hole. In Euclidean space, the black hole metric is periodic in the imaginary time coordinate with period β = 8πGM .
We enforce the same boundary conditions on the bubble solution to ensure that the tunnelling
is finite. The black hole inside the bubble solution has a smaller mass than the original black hole.
When we take static (i.e. independent of Euclidean time τ ) solutions, there is a remarkable simplification in the expression for the action which allows to to express the tunnelling exponent in terms of the reduction in black hole entropy [29] ,
where A S and A R are the areas of the event horizon of the black hole seed and the black hole remnant. The bubble solution has a conical singularity at the horizon, but when this is properly taken into account there is no ambiguity in the action [26] .
A. Model and field equations
We consider the real scalar field φ minimally coupled to gravity with the Einstein-scalar action (12) . We look for spherically-symmetric bubble solutions where φ depends only on a radial coordinate r and the metric has the form:
where τ is the Euclidean time, f is a smooth positive function, and dΩ 2 2 is the metric on a unit-radius, two-dimensional sphere. It is also convenient to define the function µ by
The Einstein equations then give [29] 
r = r h and φ approaches the false vacuum as r → ∞. Without loss of generality (up to a global rescaling of τ ), one can impose δ(r h ) = 0. The final boundary condition is given by a regularity condition at the horizon [29] :
In order to compute the Euclidean action, we require the Ricci scalar,
Using this and performing an integration by parts, the Einstein-Hilbert action (12) becomes
where β denotes the period in τ , M S ≡ µ(∞) is the ADM mass of the initial black hole, and
is the mass of the residual black hole. The first term vanishes when imposing Eq. (54). In Refs [26] and [28] , it was shown that including boundary terms S ∂ gives the
The false vacuum black hole gives
The difference produces the tunnelling exponent Eq. (50). where S (0) is the action of the instanton, dots represent higher-order terms, and
The first integral vanishes with the boundary condition µ 1 (∞) = 0. Variation of S (2) with respect to µ 1 gives the constraint
Variation with respect to δ 1 gives
Using equations (53 -55) and assuming the boundary condition µ 1 (∞) = φ 1 (∞) = 0, this
Using Eqs. (62) and (64), the quadratic action becomes
Integrating by parts the second term inside the square brackets and using again Eqs. (53 -55), one obtains
The eigenvalue equation from the action (66) is:
Contrary to the O(4)-symmetric case studied in Section III, here the prefactor of the kinetic term in the quadratic action, r 2 e δ b f b , is always positive outside the horizon. Since the presence of an infinite number of negative modes in the previous case was due to the kinetic term reaching negative values, we conjecture they do not arise in the present model 4 .
This conjecture is supported by the numerical investigation of Eq. (68) discussed below.
B. Numerical results
We solved the system (53 -55) and the eigenvalue equation (68) in the two potentials (38) and (41) . Results for the tunneling exponent B and negative eigenvalues λ are shown in
Figs. 9 and 10.
Notice that in the case of the quartic potential (38) we have an approximate symmetry when the effects of gravity are sufficiently small. Indeed, neglecting the term in µ , equation (58) is
any η > 0. The differences between the curves shown in each panel of Fig. 9 are thus entirely due to the gravitational back-reaction, which has the tendency to increase the tunneling exponent B and decrease the absolute value of λ.
For both potentials, in the whole range of parameters we tried we always found only one negative mode, as could be expected from the facts that the kinetic term in the eigenvalue equation (68) is positive definite outside the horizon and the background solution has no node. This is the main result of our work, and suggests that the static instantons with black holes found in [26, 28, 29] can be safely interpreted as the dominant contribution to the decay rate of the false vacuum in the presence of small black holes.
To confirm and better understand this result, it is useful to define the coordinate x by dx = r 2 e δ b dr. The eigenvalue equation (68) then becomes
This has the form of a Schrödinger equation, for which nodal theorems apply. In particular, the results of [41] (see also [42] ) motivate that the number of negative eigenvalues is equal to the number of nodes of the solution with λ = 0 satisfying the correct boundary condition at the horizon 5 . Three solutions corresponding to different values of r h are shown in Fig. 11 for the Higgs-like potential with Λ = 10 −10 . Each of them has only one node, which confirms there should exist one and only one negative mode over each instanton. 5 This does not constitute a rigorous proof, however, for two reasons. First, the function f b vanishes at r = r h , while the theorem proved in [41] applies to uniformly positive functions. Second, the boundary condition at the origin used in this reference is φ 1 (0) = 0 instead of φ 1 (r h ) = 0. We expect that these two differences do not change the result, but have so far not been able to prove it rigorously. decay developed in [27] [28] [29] .
For the O(4)-symmetric asymptotically flat instantons, we explored a wide range of parameter space with a conventional quartic potential, as well more phenomenologically realistic analytic fit to the Standard Model Higgs potential. For any value of the non-mimimal coupling parameter ξ, it is always possible to find a region of parameter space in the potential that has an infinite tower of negative modes for the corresponding instanton, however, these parameter values correspond to energies close to the Planck scale.
For the black hole instantons, the kinetic term of the quadratic action is always positive outside the horizon, and we confirmed numerically that there is always only one negative mode. Although we did not explicitly consider a nonminimal coupling here, this would amount to a change of potential which does not affect the sign of the kinetic term. We thus expect the number of negative modes to be still equal to 1 when including it.
As already noted in [14, 15, 43] , the infinite tower of negative modes arising when the kinetic term of the quadratic action reaches negative values remains mysterious, although it is intriguing that the tower of modes appear approximately at the self-compactification scale corresponding to a domain wall topological defect of tension σ [44, 45] . In section III C, using an analytical estimate for the large negative eigenvalues in the O(4)-symmetric case, we argue that these infinite negative modes induce a divergence in quadratic observables, which seems to support the argument that they may signal a breakdown of the semiclassical approximation.
A more precise answer may require studying time-dependent perturbations to see if these additional modes manifest themselves, maybe as an instability of the instanton. However, assuming asymptotic flatness, both in the O(4)-symmetric and black-hole case, we found that realistic instantons always have exactly one negative mode. It thus seems safe to interpret the lowest-action instanton as giving the leading contribution to the tunnelling rate.
